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We propose an entanglement detector composed of two quantum spin Hall insulators and a side gate deposited on one
of the edge channels. For an ac gate voltage, the differential noise contributed from the entangled electron pairs exhibits
the nontrivial step structures, from which the spin entanglement concurrence can be easily obtained. The possible spin
dephasing effects in the quantum spin Hall insulators are also included.
It is well known that the entanglement reflects a kind of
nonlocal correlation1,2 and plays an important role in quantum
information and computation science.3 Recently, the creation
and detection of electronic entanglement in solid state systems
have attracted much interest, for the large-scale implemen-
tation of quantum information and computation schemes.4
The crossed Andreev reflection in mesoscopic s-wave super-
conductor systems has already been confirmed,5 which is re-
garded as an effective proposal for the generation of spin en-
tangled electrons in solids.6
Though the idea to utilize entanglement in solids is elegant,
a direct experimental evidence is still challenging. Several
proposals for spin entanglement detection have been put for-
ward, including the Bell inequality tests7,8 and the measure-
ment of the shot noise in a beam splitter setup.9 The former
is based on the local hidden variable theories2 and the latter
utilizes the relation between the spin entanglement and the
antisymmetry of the electron wave functions.9 Most recently,
we have suggested another detection scheme by use of the
quantum eraser effect10 and the complementarity principle11,
where the spin entanglement concurrence is measured by the
Aharonov-Bohm oscillation of the current correlation.12
On the other side, the two dimensional quantum spin Hall
insulator (QSHI) has received much attention recently, as a
topological matter.13 There are fully gapped bulk states and
gapless helical edge states in QSHIs protected by the band
topology.13 The helical electrons have their spins and moving
directions bounded together, which provides an opportunity
for the all-electrical control of spins.8
In this paper, we propose a spin entanglement detector con-
structed by two QSHIs and a side gate on one of the edge
channels. When entangled electrons are injected separately
into different edge channels, the interference pattern of their
current correlation contains the information of the entangle-
ment and is controlled by the side gate in an all-electrical man-
ner. More remarkably, under an ac gate voltage, the differen-
tial noise exhibits a notable step structure for an easy obser-
vation and the spin entanglement concurrence can be drawn
from the heights of those steps.
The proposed setup is shown in Fig. 1, where the entan-
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FIG. 1. (Color online) Illustration of the proposed setup. The entan-
gled electrons are traveled separately from the entangler (labeled by
E) into the helical edge channels of QSHIs. The spin up (down) chan-
nels are sketched as blue solid (red dashed) lines. The narrow regions
in both sides represent the QPCs, which bring coupling between the
upper and lower edge channels and serve as the beam splitters. A
side gate is deposited on the upper channel in the right side. The cur-
rents and current correlations are measured in four terminals labeled
by L1,2 and R1,2, respectively.
gler in the middle region is weakly coupled to two QSHIs.
When a bias voltage is applied between the entangler and the
terminals, the entangled electrons will tunnel into the helical
edge channels of QSHIs. We will investigate the current cor-
relation between the left and right terminals to reveal the en-
tanglement information. The entangled electrons may be in-
jected into the same QSHI or separately into different QSHIs.
However, the current correlation contributed from the former
process is negligibly small in the weak coupling limit8,14 so
that only the latter process will be considered below. In each
QSHI, there is a quantum point contact (QPC) depicted as the
narrow region in Fig. 1, where the opposite edge channels are
coupled together leading to the scattering between edges. It
has been demonstrated that such a QPC can serve as an ideal
beam splitter without any back scattering.15 A side gate is de-
posited on the upper edge of the right QSHI, which modulates
the phase carried by the electron in that path.16
The entangler can be realized by using superconductors5,6
or quantum dots.17 Here we adopt the former as an example,
however, the proposed scheme is general and can be adapted
to other kinds of entanglers. The superconductor is grounded
and a bias voltage −eV (less than the superconducting gap) is
applied to all the terminals, so that the Cooper pairs are split
into the helical edges in the QSHIs18. In the weak coupling
limit, the tunneling coefficient is assumed as χ  1. The en-
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2tangled electron state is given by8,14
∣∣Ψ〉= χ ∫ eV
−eV
dε
[√
κa†L↑(ε)a
†
R↓(−ε)
∓√1−κa†L↓(ε)a†R↑(−ε)
]∣∣0〉, (1)
where |0〉 represents the filled Fermi sea with a Fermi energy
−eV , and a†i,σ (ε) creates an electron of energy ε and spin σ
moving in side i, which satisfies the anticommutation relation
{ai,σ (ε),a†j,σ ′(ε ′)} = δi, jδσ ,σ ′δ (ε − ε ′). The helicity of the
edge states indicates the spin-edge correspondence. For ex-
ample, a†L↑ describes the creation of a spin-up electron moving
left along the lower edge, as shown in Fig. 1. By changing
the parameter κ ∈ [0,1], the state in Eq. (1) can vary from
the mostly entangled states (κ = 1/2) to the product states
(κ = 0,1). The measurement of the entanglement for a pure
state can be described by the concurrenceC= 2
√
κ(1−κ).19
WhenC= 1, the signs “∓” in Eq. (1) correspond to the singlet
and triplet entangled states, respectively.
After the transmission into the QSHIs, the electrons get
scattered at the QPCs and then finally reach the terminals.
The QPC is made of a narrow QSHI with coupling between
two edges and the controllable spin-orbit coupling so that it
can be regarded as an ideal beam splitter, where the electrons
may change their edges during the forward scattering while
the back scattering is completely ruled out.15 Thus, the oper-
ators for electrons in terminals L1 and R1 can be written as
aL1 = t2LaL↑+ t1LaL↓,
aR1 = t1RaR↑+ t2RaR↓,
(2)
where the coefficients t1,2i describe the amplitudes for the
same-edge and the cross-edge transmissions in side i, respec-
tively.
In order to probe the entanglement, we calculate the zero
frequency noise power between terminals L1 and R1, which
reads
S= 2
∫ ∞
−∞
dt[〈IˆL1(t)IˆR1(0)〉−〈IˆL1(t)〉〈IˆR1(0)〉], (3)
where the current operator is defined as Iˆi1(t) = (e/h) ×∫ ∫
dEdE ′ei(E ′−E)t/h¯a†i1(E
′)ai1(E). The average in Eq. (3) is
taken under the state Eq. (1), whose magnitude is of the order
of χ . Therefore, the leading term 〈IˆL1(t)IˆR1(0)〉 is of the order
of χ2, while the term 〈IˆL1(t)〉〈IˆR1(0)〉 is of the order of χ4 and
can be neglected. By utilizing Eq. (2), we have
〈IˆL1(t)IˆR1(0)〉=
(eχ
h
)2 ∫ eV
−eV
dε
∫ eV
−eV
dε ′ei(ε−ε
′)t/h¯×[
κT2LT2R+(1−κ)T1LT1R∓C
√
T2LT2RT1LT1R cosϕ
]
,
(4)
where the transmission probabilities are T1,2i = |t1,2i|2 and the
total phase for electrons accumulated in a loop trajectory is
ϕ = Arg(t∗2Lt1Lt
∗
2Rt1R).
The cosine term in Eq. (4) represents the interference ef-
fect. The right-moving electron can reach terminal R1 by two
paths. One is going in the upper edge first and then arriving in
the terminal through the same-edge transmission at the QPC.
The other is going in the lower edge first and then through the
cross-edge transmission at the QPC. Due to the entanglement
shown in Eq. (1) and the helicity of the edge states, the which-
path information of the right-moving electron is registered by
the spin of the left-moving one. As a result, the current in ter-
minal R1 would not show any interference behavior.11 How-
ever, the current correlation between terminals R1 and L1 can
still show interference. This is because that the left QPC can
be regarded as a quantum eraser.10,12 After scattering at the
left QPC, the left-moving electrons arrive in terminal L1 with
mixed spins so that the which-path information is erased. The
strength of the interference pattern of the current correlation
reveals the information of the entanglement, as shown by the
cosine term in Eq. (4), which is proportional to the concur-
rence.
Since there is a side gate on the upper channel in the right
QSHI, phase ϕ can be split into two parts ϕ = ϕg(t) + ϕ0,
with ϕg(t) and ϕ0 being the gate-dependent and the constant
phase, respectively. Due to the helicity of the edge states,
the gate voltage will not lead to any back scattering. For a
slow-varying gate voltage, the period of the ac gate is much
longer than the traveling time of the electron in the gating re-
gion and the gate-dependent phase can be well approximated
by ϕg(t) = eVg(t)d/h¯v, where Vg is the gate voltage, d is the
length of the gating region, and v is the Fermi velocity of the
edge states. The constant phase is a parameter of the cir-
cuit and can be adjusted beforehand, e.g. by a dc side gate.
Here, we adopt ϕ0 = 0 for simplicity. The ac gate is assumed
as a harmonic term Vg(t) = V ag sinΩt with the amplitude V ag
and the frequency Ω. Phase ϕ can be finally expressed by
ϕ = ϕa sinΩt with ϕa = eV ag d/h¯v.
Phase ϕ is a function of period 2pi/Ω so that one can obtain
the Fourier expansion
eiϕ =
+∞
∑
n=−∞
Jn(ϕa)einΩt , (5)
where Jn(ϕa) is the Bessel function of the first kind. Inserting
Eq. (5) into Eqs. (3) and (4), one obtains an elegant expression
for the dimensionless differential noise (DN)
Λ=
∂S/∂ (eV )
G0
= 1∓C[J0(ϕa)+2 +∞∑
n=1
J2n(ϕa)Θ(eV −nh¯Ω)
]
,
(6)
where Θ is the Heaviside step function and the transmis-
sion probabilities are assumed as T1,2L = T1,2R = 1/2 for
the strongest interference. The conductance G0 = 〈IˆR1〉/V =
e2χ2/h can be measured by the current in terminal R1, which
is independent of the side gate.
A notable feature presented in Eq. (6) is the step structures
of the DN. As long as the bias voltage increases by h¯Ω/e,
the DN jumps onto a new step. The jump of the nth step is
∓2CJ2n(ϕa), where the sign ∓ here is the same as that in Eq.
(1), depending on whether the entagled electron pairs are from
the singlet or triplet superconductors. The step structure of the
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FIG. 2. (Color online) Plot of the DN as a function of the bias voltage
for the triplet entangled states (C= 1). (a) There is no spin dephasing
and the phase amplitudes are pi , 2pi , and 3pi for the green (1), red (2),
and blue (3) lines, respectively. (b) The phase amplitude is fixed
at ϕa = 2pi and the spin dephasing parameters are γ = 1,0.5,0.3,
respectively.
DN for the triplet entangled states of C = 1 is plotted in Fig.
2(a) with various phase amplitudes. If the amplitude of the
side gate and then the phase amplitude is known beforehand,
the concurrence can be drawn from the height between any
two adjacent steps. If the phase amplitude is not known, both
the phase amplitude and the concurrence can be obtained by
the heights of multiple steps.
For a fixed phase amplitude, the Bessel function of a suf-
ficiently high order approaches to zero rapidly. Therefore, as
shown in Fig. 2(a), the jump between two steps becomes very
small and the DN is saturated when the bias voltage is large
enough. With the help of the identity ∑∞n=−∞ Jn = 1, one finds
that the saturated value for the DN is (1∓C). The concur-
rence can be obtained by the saturated DN easily. We also
note that the singlet and triplet entangled states can be distin-
guished by the saturated DN, which are less than and more
than 1, respectively.
Next, we discuss the spin dephasing effect in the QSHIs.
Usually the phase accumulation in many-body environment
satisfies Markov approximation, for a short memory time of
the environment. By using the central limit theorem, the de-
phasing parameter is an exponential decay with the phase un-
certainty, expressed as γ = e−1/2〈δϕ2〉 ∈ [0,1].20 With a finite
spin dephasing, the entangled spin state Eq. (1) can be de-
scribed by the density matrix ρˆ = κ| ↑↓〉〈↑↓ |+ (1− κ)| ↓↑
〉〈↓↑ |∓ γ√κ(1−κ)(| ↑↓〉〈↓↑ |+ | ↓↑〉〈↑↓ |), and the average
in Eq. (3) is calculated by Tr[ρˆ Iˆ(t)Iˆ(0)]. After some tedious
algebra, one finds that Eq. (6) can be exactly recovered except
that C is replaced by γC. The height of each step of the DN is
suppressed by the spin dephasing in the QSHIs, as shown in
Fig. 2(b). In principle, the γ can be estimated from the spin
decoherence length in the QSHIs. More practically, one can
use an ideal entanglement source to calibrate the γ in the pro-
posed set up and then measure the concurrence of an arbitrary
spin entangled state.
It is worthwhile to discuss the possible parameters for the
realization of the proposed setup. The phase-gate relation em-
ployed in our model requires that the ac gate varies slowly,
i.e., the electron traveling time through the gating region be-
ing much smaller than the period of the gate. Taking the
HgTe quantum wells as an example,13 the Fermi velocity of
the edge states is given by v' 5.5×105 m/s and the spin de-
coherence length is estimated as 1µm.21 Given the scale of
the proposed structure being 100nm, less than the spin deco-
herence length, the requirement for the frequency of the gate
would be Ω 30THz, which is always fulfilled in the usual
case. In order to realize a phase amplitude of the magnitude
of pi , as shown in Fig. 2, the magnitude of the side gate is
about 10mV. When the frequency of the gate is of the order
of 1MHz and the bias voltage is of the order of 1nV, the mag-
nitude of eV/h¯Ω is of the order of 1 and a step structure of
the DN similar to Fig. 2 can be observed. With a smaller fre-
quency and a larger bias voltage, one can obtain a much larger
value for eV/h¯Ω. In this case, the step structure of the DN
may be unclear, however, one achieves the saturated value for
the DN directly, from which the spin entanglement concur-
rence is still obtained.
In summary, we investigate the gate-voltage-controlled in-
terference of the current correlation contributed by the spin
entangled electron pairs in the QSHIs. The concurrence can
be measured by the step structure of the DN. The helicity of
the edge states in QSHIs makes the concurrence detection im-
plemented in an all-electrical-controlled manner.
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